Abstract. In this short article, we shall introduce the notion of fine irreducibility and give some of its equivalent statements. Then we prove that the fine irreducibility implies the uniqueness of symmetrizing measures for a right Markov process.
Introduction
Let us now introduce some background on Markov processes. Let X = (X t , P x ) be a right Markov process on a state space, which is usually assumed to be Radon, with transition semigroup (P t ). It is a bit difficult to make clear what a right Markov process means, but roughly it is a right continuous process with the strong Markov property. The interested readers may refer to Sharpe's book [4] for details. A σ-finite measure on E is called a symmetrizing measure for X or (P t ) if
for each non-negative measurable f, g and t > 0. Of course, neither existence nor uniqueness of symmetrizing measures is guaranteed, and it is certainly one of the most interesting and fundamental problems for a Markov process. For a discrete time Markov chain with countable state space, Kolmogorov's cycle test actually gives a necessary and sufficient condition for existence and uniqueness. However there has been no counterpart for general Markov processes. This article aims to give a sufficient condition for the uniqueness of the symmetrizing measure.
The uniqueness of symmetrizing measure
We first present a theorem which states a condition for the uniqueness of the symmetrizing measure and will be used later. This kind of results may be known in some other forms. We begin with a general right Markov process X = (X t , P x ) on the state space E (with its Borel σ-field B(E)) with transition semigroup (P t ) and resolvent operator (U α ), Proof. The equivalence of (1) and (2) is easy. We shall prove that they are equivalent to (3). We may assume α = 0. Suppose (1) 
Conversely suppose (3) Assume (4) holds. Since U (x, ·) is excessive for all x, they are equivalent. This implies (3).
A Borel set A is said to be of potential zero if U α 1 A is identically zero for some α ≥ 0 (thus for all α ≥ 0). A σ-finite measure µ on E is said to be a symmetrizing measure of X or X is said to be µ-symmetric if
for any measurable u, v ≥ 0 and t > 0. It is easy to check that any symmetrizing measure is excessive and an excessive measure does not charge any set of potential zero. Proof. First of all there exists a measurable set H such that both µ(H) and ν(H) are positive and finite, because µ and ν are equivalent by Lemma 2.1. This is actually true when both measures are σ-finite and one is absolutely continuous with respect to another. Indeed, assume that ν µ. Since ν is non-trivial and σ-finite, we may find a measurable set B such that 0
(B) and µ(A n ∩ B) ↑ µ(B). Hence there exists some n such that ν(A n ∩ B) > 0. Take H = A n ∩ B, which makes both µ(H) and ν(H) positive and finite. Set c = ν(H)/µ(H).
We may assume that c = 1 without loss of generality. Let
We shall show that ν = µ. Otherwise µ(A) > 0 or ν(C) > 0. We assume that µ(A) > 0 without loss of generality. Since µ is σ-finite, there is A n ∈ B(E) such that A n ⊆ A, µ(A n ) < ∞ and A n ↑ A. Let D = B ∪ C. For any integer n and α > 0,
> 0 on A, let n go to infinity; and by the monotone convergence theorem we get that (
which leads to that µ(H ∩ A) = 0 and also µ(H) = 0. The contradiction implies that ν = µ.
The following example shows that the usual irreducibility is not enough to guarantee the uniqueness of the symmetrizing measure, while the fine irreducibility might be too strong.
2 ) be defined on R and π = {π t } t>0 be the corresponding convolution semigroup; i.e.,π t (x) = e −tφ(x) with
Let X be the corresponding Lévy process. Then X is symmetric with respect to the Lebesgue measure. Let N = {n + m √ 2 : n, m are integers} and µ = x∈N δ x . Then µ is σ-finite and also a symmetrizing measure. It is easy to see that any point x can reach any point in x + N and cannot reach outside of x + N . Since x + N is dense in R, any point can reach any non-empty open set; namely, X is irreducible. However any compound Poisson process will stay at the starting point for a positive period of time; i.e., any singleton is finely open. Hence X is not finely irreducible.
Another interesting example is also a compound Poisson process X, where the Lévy measure J is a probability measure on R with a continuous even density. In this case, we can show that X has a unique symmetrizing measure, the Lebesgue measure, but X is still irreducible, while not finely irreducible. Actually any point cannot reach any other single point.
It is known that the fine topology is determined by the process and hard to identify usually. Hence it is hard to verify sometimes the fine irreducibility defined in the theorem. However under LSC, namely, assuming that U α 1 B is lower-semicontinuous for any Borel subset B of E, the fine irreducibility is equivalent to the usual one, which is easier to verify: 
Hence by the irreducibility, we have
It is obvious that the strong Feller property and the irreducibility imply the fine irreducibility.
Remark. As a remark, we would like to present a slightly more general result which was provided by Masatoshi Fukushima in his comment to this theorem.
Suppose that X is µ-symmetric. The following two definitions refer to Definition 2.1.1 in [2] . A Borel subset A is called (
, and X is µ-irreducible if any (P t )-invariant set is trivial in the sense that either µ(A) = 0 or µ(A c ) = 0. Then the following statements are equivalent due to Theorem 3.5.6 in [2] and a similar proof of Lemma 2.1:
(1) X is µ-irreducible; 
